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Microwave Faraday Effect and Propagation
in a Circular Solid-State Plasma Waveguide

HIROMU J. KUNO, MEMBER, IEEE, AND W. D. HERSHBERGER, FELLOW, IEEE

Abstract—The microwave Faraday effect in a solid-state plasma
waveguide under a relatively high magnetic field (u.Bo>>1) is investi-
gated. Field configurations in the solid-state plasma waveguide are first
analyzed. It is shown that two types of nondegenerate circularly polarized
quasi-TE waves exist in the waveguide. The propagation constants of the
quasi-TE waves are obtained by means of a variational method. The micro-
wave Faraday effect in the solid-state plasma waveguide is formulated.
It is shown that geometrical factors and reflections from the waveguide
discontinuities have significant influences on the Faraday effect.

Experimental results of the Faraday effect at 36 GHz through a
solid-state plasma waveguide are reported. In the experiment n-type
indium antimonide crystals are used. The comparison of the experimental
data with the theory shows good agreement.

1. INTRODUCTION

r HE CONDUCTIVITY of a solid-state plasma be-

Tcomes a tensor quantity under an externally applied
magnetic field. If a dc magnetic field B, is applied

along the z axis, the tensor conductivity may be given by

gL, —az 0

8 = | oy, o1, 0 (1)
l_O, 0, a1

where, if it is assumed that n.u. >n.u, as in an n-type semi-
conductor, we have oj=(adu)(1+jor)™, or=(ap)(1
Fa), o= (opa)(1+a) ™, ae=(uBo)(1-+jwr) ™, and ¢q is
the magnitude of electron charge, » the density, u the mobil-
ity, = the relaxation time constant, w the angular frequency,
and j=+/—1 the unit imaginary number. The subscripts e
and A refer to electrons and holes, respectively. Fig. 1 shows
variations of oy, 1, and o, as a function of B.

In such an anisotropic unbound medium, two types of
circularly polarized TEM waves, viz., left- and right-hand
circularly polarized waves, propagate along the magnetic
field with different propagation constants k.. and k_ (which
are complex quantities in general) given by L—19

k2 = wluge — JoperL + wugo, (2)

where uo is the permeability and e is the dielectric constant
of the medium.
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A linearly polarized wave can be considered to consist of
the two circularly polarized waves of equal amplitude. Thus,
when a linearly polarized electromagnetic wave propagating
along the magpnetic field enters a solid-state plasma slab, the
wave will be decomposed into two such circularly polarized
waves, which will then propagate with different phase veloci-
ties giving a rise to a rotation of the plane of polarization as
the wave propagates. The angle of rotation of the plane of
polarization 6 and the ellipticity of the polarization of the
transmitted wave E are, respectively, given by -8l

0 = (8 — 8)(£/2) ®3)
E = tanh [(a- — a1)(¢/2)] 4)

where 8 and « are, respectively, the real and imaginary parts
of the propagation constant, and ¢ is the thickness of the
solid-state plasma slab.

This rotation is similar to the phenomenon known as
the Faraday rotation in optics*® which is thus called micro-
wave Faraday rotation when it occurs in a microwave fre-
quency region. The microwave Faraday effects in Some
semiconductors such as germanium and silicon have been
investigated-19 primarily in the region where the Hall
angle is small, i.e., u.Bo<l. In this region, ¢, is small and
nearly directly proportional to By, thus, 6 is a linear function
of By, and the quantity V'=6/B, ¢ is called the Verdet con-
stant. Since a, is relatively small, and ¢. is very large in this
region, the magnitude of ¥ is very small and the attenuation
of the wave is very large. Effects of the wave reflections on the
Faraday rotation were treated by Donovan and Medcalft¥ in
this region.

In the region where the Hall angle is relatively large, i.e.,
ueBo3>1, the propagation constants are usually approxi-
mated by -4

ki2 ~ F oo (5)
In this approximation, it is assumed that the conductivity of
the solid-state plasma is so high that the displacement cur-
rent is negligibly small, i.e., we<o.. Under this condition,
one type of circularly polarized wave can propagate with
very small attenuation, but the other wave is cut off. The
propagating circularly polarized wave is called a helicon
wave ;11! propagation of helicon waves has been investi-
gated also in vacuum bound semiconductors. 131 [16]

For a relatively high frequency region, however, a condi-
tion can be obtained such that wuee>wpoo,>wuews pro-
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Fig. 1. Variation of the tensor conductivity of a solid-state plasma

as a function of applied magnetic field.
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Fig. 2. A circular solid-state plasma waveguide.

vided that w.Bo>>1. Under this condition both circularly
polarized waves can propagate,i7:8 and the Faraday
. rotation with very small attenuation can be obtained.

In most reported analyses of microwave Faraday effect in
semiconductors, 1118 yniform TEM waves in an unbound
space were assumed. In cylindrical waveguides, however, the
TEM mode cannot exist. In this paper, a theoretical analysis
and experimental investigation of the microwave Faraday
effect.in a solid-state plasma waveguide (rather than in an
infinite slab), placed under a relatively high longitudinal
magnetic field as shown in Fig. 2 are presented. Field con-
figurations in the waveguide are first analyzed and propa-
gation constants are obtained. The Faraday effect that
arises in the waveguide is then formulated and compared

. with the experimental results. Effects of the wave reflections
on the Faraday rotation are also taken into consideration.
In the analysis the following assumptions will be made:

1) Effect of holes is negligibly small in comparison with
that of electrons, i.e., #.u >, as in n-type semicon-
ductors.

2) The mobility u. is constant.

3) The applied dc magnetic field B, is relatively high so
that the Hall angle is very large, i.e., p.Bo>>1.

4) The frequency of the microwave signal is much smaller
than both the cyclotron and plasma resonant fre-
quencies, i.e., wKw,, W0<Kw,.

5) The wall of the waveguide is perfectly conductive so
that the tangential component of the electric field
vanishes at the wall.

The analysis can, however, be extended readily to other
cases.
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II. FieLD CONFIGURATIONS

An electromagnetic wave in a solid-state plasma under a
dc magnetic field is governed by Maxwell’s equations of the
form

VX E= — jopcH (6a)
V X H = joeE + i (6b)
V-(¢E) = p (6¢)
V- (uH) =0 (6d)

where the conduction current is given in terms of the tensor
conductivity and the electric field, i.e.,

i= ¢-E. (N

The wave propagating the waveguide along the z axis
may be expressed by the field components of the form

E(r, ¢,2,1) = [Er, ¢) + E(r, )]t (8)

H(r, ¢,2,0) = [Hdr, ¢) + H.(r, ) e (9)

where k is the propagation constant and the subscripts ¢ and

z refer to the transverse and longitudinal components, re-
spectively.

Substituting (8) and (9) into (6) and (7), and separating

the transverse and longitudinal components, then eliminat-
ing the transverse components E, and H,, we obtaini19l. 120!

[Vﬁ — k2 <M> + (wiuoe — jwﬂoffll)]Ez

Jjwe + o1
~ gk <—v.]°°“°"” )H -0 (10)
Jwe+ oL
; 2
[Vtz — k% 4 wuoe — Jowueol — {M}:\Hz
Jwe + o
jwe + ol
+jk[az(—7.‘i’i i Jm=0 ap
(jwe + o,)

where V, represents the vector differential operator in the
transverse directions.

Equations (10) and (11) must be satisfied simultaneously
by the same values of the propagation constant k. There are,
in general, no solutions that are of pure TE, or TM, modes
which satisfy (10) and (11) simultaneously, unless o, = 0.[191.[20]
The differential equation for the transverse dependence of k&
in general becomes fourth order.Us1.0191.1201 Noting, how-
ever, that ¢ is very large in comparison with other terms in
(10) and (11) for a solid-state plasma, in view of the assump-
tion 3), (10) may be reduced to

(w2uoe — jwpoor — k¥alE, + kouerH. =~ 0. (12)
Eliminating E, from (11) and (12), we get

V2H, + kr?H, = 0 (13)
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where we let
kr? = (wiuoe — Jopeor — k?2)

— { (wMOUa:)Z }
(wuoe — Jouoor — k?)

(14)

In general, k;? is a complex quantity. However, if u. Bo>1,
o, will be almost a pure real quantity and o1 will be negligibly
small. Consequently, the imaginary part of kz* will be very
small. Therefore, the dissipative term that is duc to the
imaginary part of ky will be treated as a perturbation.

Equation (13) can now be solved by means of the method
of separation of variables.?!-221 In view of the boundary
conditions where H,(0, ¢) is finite and H.(r, p+27)= H (r, ¢),
we get

H, = IJ (kpr)eti¢ (15)
where n=0, 1, 2, 3, - - -, Iis constant, and J,(krr) is the nth
order Bessel function of the first kind. The waves character-
ized by et/ and e~ represent the left- and right-hand cir-
cular polarized waves, respectively.

Substituting (15) into Maxwell’s equations and making use
of the fact that ¢ is very large and E, is very small, although
it is not identically equal to zero, we obtain

Erinm = __t Vinm(n/anmr) (kinm/anm)Jn(anmr)eij"¢ (16)

Eyinm = JVinm(Esnm/krnm)d s (krnmr) e (17)
Eeiwm =0 (18)
Hioinm = — i 2omCsnm/Trnmd v’ Fernnr) et (19)
Hysnm = £ I(/krunt) (binm/kram) T n(kramr) et (20)
Hoinm = Linmd w(krpmr)eti? (21

where Vium=(wio/Ksnm) Linm, and Kpnn is determined by the
boundary condition Ey(r, ¢)=0. Since k7 has many solu-
tions that satisfy J,.'(kr#o)=0, the subscript nm is used to
designate mth root of J,/(kr#)=0. Note that the elementary
wave functions obtained resemble TE modes in an empty
circular guide although they are not of identical form. Thus,
it was found that the right- and left-hand circularly polarized
quasi-TE mode waves exist in a circular solid-state plasma
waveguide under a longitudinal magnetic field, provided that
u.Bo>>1. The left- and right-hand circularly polarized quasi-
TE waves are nondegenerate, i.e., the propagation constants
kinm and k_,, have different values. We also note that the
characteristic wave impedance of each mode is given by

Zi”m = E"i”m/Htﬁiﬂm = —E¢inm/H7‘inm

= wMO/kinm- (22)

III. PROPAGATION CONSTANT

In Section II, the field configurations in the solid-state
plasma waveguide were obtained and it was found that two
types of circularly polarized quasi-TE waves exist. In this
section, the propagation constants of these waves are calcu-
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lated by means of a variational method. It is shown in the
Appendix that the propagation constant in the solid-state
plasma waveguide can be approximated by

k2 = l:wzuo ff 661*‘eldS
8

_ ffS(Vt X e¥)- (V; X e)dS

— jous f f Sel*-(ﬁ-el)ds]
[ffg (a: X er*)-(a. X el)d»S':T1

where e, is the electric field inside the waveguide, e;* is the
complex conjugate of e*, and the surface integrals are
taken over the cross section of the waveguide.

We use the field configurations obtained in Section II as
trial fields. Substituting the tensor conductivity given by (1)
and the electric field given by (16) through (18) into (23), we
get

(23)

k2inm = w2,qu - k2Tnm - jwMOO'J_ i wyoa,;Anm (24)
A = [2n f " JnJ,,’dx:l
0
x’ nm —1
[ f { (n2/2)J 2 + a2} de (25)
0 -

where krnnr=x and Kr,nFo=X..'. Evaluating the integrals,
we obtain

Anm = [2an2] [xnm,2z]n-12 - 2(7& - I)Jn-lJn

+ (xnm,2 - 2’)’L)Jn2]_1 (26)

where the Bessel functions J, and J,_, are evaluated at
X 5= Xum' = Kpun'Fo. Numerical values of A4,,, are computed and
tabulated in Table I.

It can be seen that the left- and right-hand circularly
polarized quasi-TE waves in the solid-state plasma wave-
guide are indeed nondegencrate, i.c., Ky.m#Kk_nm, cxcept for
n=0. When n=0, A,,=0. Physically, this means that there
is circular symmetry when n=0.

Fig. 3 shows typical variations of the propagation con-
stants of the lowest two modes of the left- and right-hand
circularly polarized waves in the solid-state plasma wave-
guide. The propagation constants are normalized t0 kp.m/ko
where ko=wv/uee, and the magnetic field is normalized to
ueBo/(a4/we) where oy=gn.pu, is the de conductivity. The case
where ko=1.5 kry; is taken as an example. The dotted lines
show the cutoff regions, and Bi,» and a... are, respectively,
the real and imaginary parts of ki,.. The difference be-
tween ky.n and k_.. decreases as the magnetic field in-
creases. This is due to the fact that o, decreases as the
magnetic field increases as shown in Fig. 1.
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TABLE 1
NUMERICAL VALUES OF Ay,

3
&
o
it
[\&]
w
~
wn

1 0 0.837 0.753 0.703 0.654 0.411
2 0 0.070 0.098 0.108 0.102 0.100
3 0 0.028 0.042 0.049 0.052 0.054
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Fig. 3. Typical variations of the propagation constants of the quasi-
TE. 11 and TE. » modes as a function of applied magnetic field in a
circular solid-state plasma waveguide.

The off-diagonal term o, of the conductivity tensor is an
odd function of B, thus it can be either positive or negative
depending on the direction of the magnetic field. Therefore,
a left-hand circularly polarized wave has a slower phase
velocity than the right-hand circularly polarized waves of the
same order, if the magnetic field is directed in the positive
z direction regardless of the direction of propagation. If,
however, the direction of the magnetic field is reversed, the
phase velocity of the left-hand circularly polarized wave be-
comes faster than that of the right-hand circularly polarized
wave.

1V. FARADAY EFFECT

Let us consider a circular solid-state plasma waveguide
of uniform cross section as shown in Fig. 2. The regions
z<0 and z>¢ are empty and the region 0<z<¢ is filled with
a solid-state plasma. The waveguide is placed under a longi-
tudinal magnetic field B,.

Suppose that a linearly polarized TE,; wave is excited in
the first region z<0 of the waveguide. (Only the dominant
modes are considered in this section.) The transverse com-
ponents of the electric and magnetic fields of the linearly
polarized TE;; wave in this region may be given by

Eve=% = V,|a,(1/kryr)J 1(krisr) cos ¢
+ ayJy/ (brur) sin ¢le—i
Hie e = I1[a,(—1)Jy (krur) sin ¢
+ ay(1/kr1)J 1(ep11r) cos e (28)

(27)
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where the subscript 1 refers to the first region z<0 of the
waveguide. The propagation constant k, and the character-
istic wave impedance Z; are, respectively, given by

2
ky = c02#060 — krys?

Z1 = V1/I1 = wﬂo/kl

(29)
(30)

where kry;=1.8411/7,.
We can decompose E; into the left- and right-hand cir-
cularly polarized TE,; waves, i.e.,

Ei=E.+ E, 31

where
Eil = (V1/2) [a,(l/anT)Jl(anr) i‘_ jad,Jl’(anr)]eif"’.

The two circularly polarized waves given by (31) are de-
generate in the empty sections of the waveguide,

In the region 0<z<¢ which is filled with a solid-state
plasma, nondegenerate left- and right-hand circularly
polarized quasi-TE waves exist as shown in the preceding
sections. The propagation constants k. and the character-
istic wave impedances Z, of the dominant modes of the two
circularly polarized waves are, respectively, given by

k1? = oue — kru? — jourr + 0.837wueos

Zy = wpo/ks. (32)

Since the wave impedances are discontinuous at z=0 and
z={, the waves experience multiple reflections at these dis-
continuities. By means of the impedance transformation
method of the transmission line theory, it is found that the
amount of the waves transmitted through the solid-state
plasma into the third region z>{ of the waveguide will be

E.y = Tie#+Ey, (34)
1 — T)(1 4 Top)eFt
Toos = [( 1£) (1 + Toy) i:l (35)
1 - I‘lil‘gie“z"if

where T'y;+ and I'y. are the reflection coefficients of the
circularly polarized waves at the first and second waveguide
discontinuities, i.e.,

Zy—Zsy ke~ I
Fl:g:: =

i+ Zy ket ky

Fy— 7y ks — ks
* Zy+ 7, ks -+ ks

In general ks, T'iy, and T, are complex quantities, and T«
and ., respectively, represent the magnitude and the phase
shift of the transmission coefficients of the two circularly
polarized waves through the solid-state plasma in the wave-
guide.

The total electric field of the transmitted wave thus
becomes
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E; = E+ Eg
= (Vi/2)e#[(T + T-){ar(1/kpur)J 1 (krusr) cos (¢ — 6)
— agJy' (krur) sin (¢ — 0)}
+ §(Ts — T){ar(1/kr1r)J1(krusr) sin (¢ — 0)
+ agly (krur) cos (¢ — 6)}] (36)

where 6=_—y,)/2 and ¢y=(_+y+)/2. The wave repre-
sented by (36) consists of two components. The planes of
polarization of the two components of E; are oriented per-
pendicular to each other, and the two components are «/2
radians out of phase. In other words, the wave E; is ellip-
tically polarized. It should also be noted that the direction
of the major axis of polarization is rotated through an angle
6 with respect to the original plane of polarization of the
incident wave E; which is given by (27). This phenomenon
is the microwave Faraday effect in the solid-state plasma
waveguide. The angle of the Faraday rotation ¢ and the
ellipticity of polarization E, which is defined as the ratio of
the minor axis to the major axis of polarization, are thus
given by

=

0= 37)
T, — T_

E=-1__—". (38)
T, + T

The transmission coefficient and the insertion loss L of the
solid-state plasma waveguide are

T+ T
r="F_"- (39)
2
L= —20logT. (40)

It can be seen that 6 and F are not necessarily equal to
(8+—B-)(¢/2) and tanh (a_—a,)({/2), respectively, as given
by (3) and (4), but they are strongly dependent on the reflec-
tion coefficients T'yy and Iy:. Thus, the reflections from the
waveguide discontinuities as well as the geometrical factors
have significant influences on the Faraday rotation in the
solid-state plasma waveguide.

V. EXPERIMENT

In order to conduct the experimental investigation of the
microwave Faraday effect in a solid-state plasma waveguide,
it is first necessary to select a solid-state plasma which has
high electron mobility ., but relatively high resistivity so
that we can obtain a relatively large Hall angle, i.e., u.Bo>1.
It is also necessary to operate in a relatively high-frequency
microwave region so that the displacement current will be
larger than the conduction current, i.e., ©*uoe> wpoo S @uoo L

An n-type indium antimonide single crystal was chosen
since it has high electron mobility u., a large relaxation time
constant 7., and small electron effective mass m,. At liquid
nitrogen temperature, the InSb crystal used in the experi-
ment has the following properties: n,= 10" cm™3, u,=7X10°
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Fig. 4. An experimental solid-state plasma waveguide.
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Fig. 5. Experimental setup.
cm?- V-5, m,=0.013m, 7.=52X10"2 seconds, and

e.=17. An experimental solid-state plasma waveguide as
shown in Fig. 4 was constructed. The experimental wave-
guide consists of a circular waveguide in which a disk of
the InSb crystal is mounted and coupled to rectangular
waveguides at both ends by means of tapered transitions.
The tapered transitions are used to transform the TE;, mode
in the rectangular guide into the TE;, mode in the circular
guide or vice versa. The orientations of the two rectangular
guides can be rotated with respect to each other to locate
the maximum and minimum transmissions.

The experimental setup shown in Fig. 5 was used to in-
vestigate the Faraday effect in the solid-stage plasma wave-
guide. The frequency was tuned to about 36 GHz. The
experimental waveguide was placed between the poles of a
magnet. At room temperature no transmission was detected
even with the magnetic field applied. When the waveguide
was cooled to 77°K with liquid nitrogen but with the magnetic
field still zero, there was no transmission through the solid-
state plasma waveguide. As the magnetic field was increased,
at liquid nitrogen temperature, the transmission through the
waveguide gradually increased. By rotating the relative
orientations of the rectangular guides with respect to each
other, positions and amplitudes of maximum and minimum
transmission were measured under various magnetic fields.
From these measurements, amount of the Faraday rotation,
ellipticity of polarization of the transmitted wave, and the
insertion loss of the solid-state plasma waveguide were ob-
tained. The direction of the magnetic field was reversed,
then the same measurements were repeated. The reverse
magnetic field resulted in reversing the direction of rotation
of polarization.
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Fig. 6. Angle of Faraday rotation 4 as a function of the applied
magnetic field B, in a solid-state plasma waveguide.
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Fig. 7. Ellipticity of polarization E of the transmitted wave as a func-
tion of the applied magnetic field B, in a solid-state plasma wave-
guide.
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Fig. 9. An experimental solid-state plasma waveguide with
quarter-wavelength impedance transformers.
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Fig. 10. Angle of Faraday rotation § as a function of the applied mag-
netic field B, in a solid-state plasma waveguide with quarter-wave-
length impedance transformers.
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Fig. 11. Ellipticity of polarization E of the transmitted wave as a func-
tion of the applied magnetic field B, in a solid-state plasma wave-
guide with quarter-wavelength impedance transformers.
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Fig. 12. [Insertion loss L of a solid-state plasma waveguide with quar-
ter-wavelength impedance transformers as a function of applied
magnetic field B,.
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These sets of measurements were taken for two disks of
the InSb crystal of different lengths, 0.5 and 1.0 mm. The
results of the measurements are shown by small circles and
small triangles in Figs. 6 through 8, together with the theo-
retical values (shown by solid lines) which were calculated
from (37), (38), and (40). The simple TEM wave approxima-
tions which were obtained from (3) and (4) are shown by
dotted lines for comparison purposes.

It was found in Section IV that reflections from the wave-
guide discontinuities have a significant influence on the
Faraday effect in the solid-state plasma waveguide. By plac-
ing quarter-wavelength impedance transformers with e,=4
as shown in Fig. 9, the reflection coefficients I';y. and Ty, at
the surfaces of the InSb crystal disk were significantly re-
duced. The measurements of the Faraday rotation, elliptic-
ity of polarization, and the insertion loss were repeated.
The results of the measurements are shown with the theo-
retical curves in Figs. 10 through 12. Comparison of the
experimental results obtained with the waveguide with the
quarter-wavelength impedance transformers (Figs. 10
through 12) with the corresponding data obtained with the
waveguide without the impedance transformers (Figs. 6
through 8) shows the significant influence of the wave re-
flections from the waveguide discontinuities on the micro-
wave Faraday effect in the solid-state plasma waveguide.

VI. CONCLUSION

We have theoretically analyzed the characteristics of
microwave propagation in a circular solid-state plasma wave-
guide under a longitudinal dc magnetic field. It was found
that left- and right-hand circularly polarized quasi-TE waves
exist and can propagate with very small attenuation in the
solid-state plasma waveguide, provided that the magnetic
field is relatively large, i.e., u.Bo>>1. By means of a varia-
tional method, the propagation constant of each quasi-TE
wave was obtained. It was found that the two types of
circularly polarized quasi-TE waves in the solid-state plasma
waveguide are nondegenerate.

The analysis of the microwave Faraday effect in a solid-
state plasma waveguide under a relatively high magnetic
field presented in this paper shows that the angle of the
Faraday rotation decreases as the magnetic field is increased,
contrary to the Faraday effect in a small magnetic field re-
gion. This is due to the fact that the off-diagonal term of the
tensor conductivity, viz., ¢, decreases as the magnetic field
is increased in the high magnetic field region. It was shown
that the reflections from the waveguide discontinuities, viz.,
at the surfaces of the solid-state plasma, have a significant
influence on the Faraday effect. It was also shown that the
geometrical factors, viz., 4 and kp in (30), must be taken
into consideration in analyzing the Faraday effect in the
waveguide.

The Faraday effect in a solid-state plasma waveguide was
also experimentally investigated using n-type InSb single
crystals. A large amount of Faraday rotation with very small
attenuation of power through the solid-state plasma wave-
guide was obtained. The effect of wave reflections on the
Faraday rotation in the waveguide was also experimentally
observed. Comparison of the experimental results with the
theory shows good agreement.
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Microwave Faraday effect can also be found in magne-
tized ferritesi201.1281.241 glthough the Faraday effect in fer-
rites is due to bound electrons, whereas in gaseous and solid-
state plasmas it is due to free electrons and holes. It may be
expected that, in a waveguide filled with a ferrite or a
gaseous plasma, geometrical factors and reflections from the
waveguide discontinuities will have similar influences on the
Faraday eflect as in a solid-state plasma waveguide.

The nonreciprocal property of the Faraday rotation in the
solid-state plasma which is accompanied by small attenua-
tion of power can be used effectively to develop a various
nonreciprocal microwave device.[27.28 Since the theoretical
upper frequency of operation of a solid-state plasma when
it is used as microwave devices appears at the cyclotron
resonant frequency, which is higher than 1000 GHz in this
case, the Faraday effect in a solid-state plasma may find
important nonreciprocal microwave device applications in
high-frequency regions such as millimeter and submillimeter
waves.

APPENDIX
VARIATIONAL FORMULA FOR THE PROPAGATION CONSTANT

In order to derive an approximate expression for the
propagation constant in a solid-state plasma waveguide,
consider Maxwell’s equations given by (6a) and (6b). Elimi-
nating H, we get

VX VX E = ouell — jopé-E. 41)

Scalarly multiplying this by E* (the complex conjugate of
E), we get

E*- VX VX E = o%eE* E — jouE* (¢-E.) (42)

The wave propagating in the positive z direction can be ex-
pressed by

E(r, ¢, 2) = elr, p)e 7. (43)

Substituting this into (42) and integrating the result over
the cross section S of the waveguide, and making use of
vector identities and the divergence theorem, we obtain

k2 ffs(az X e*)(a: X e)dS
+ ffs(v, X e1*)- (Vs X e1)dS

+ f;{ (V. X en)-(n X ey

— jk(a. X er)-(n X er*) }d¢

— 1k . 0-(v, *
J ffs{@ X 1)+ (Ve X e*)

— (Ve X e1)-(a, X e*)}dS

= O.)Zuo ff ee1*~e1dS — jw[.l,o ff el*-(c_i-el)dS (44:)
N N

where C is the contour along the waveguide wall enclosing
the cross section S, and # is the outgoing normal unit vector.
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In Section IT, it was found that there are quasi-TE modes
in the solid-state plasma waveguide under a longitudinal
magnetic field. In view of this fact and assumption 5) in
Section I, we may choose the trial field e, such that the z
component of ey is negligibly small everywhere in S and that
the tangential component vanishes at the waveguide walls,
ie., e;-a,~01in S and nXe;=0 on C. Then, solving for k2
in (44) we finally obtain

k2 = ‘:wzm ff eel*'eldS
8

_ f f (TeX o) (Ve X e)dS

— o | fsel*-(a-eodS]
1 fs<a,><e1*)-<az><el)dS]—l- (45)

This variational formula can be shown to be stationary pro-
vided that nXe;=0 on C.128

A similar expression for the propagation constant in a
gaseous plasma was derived by Rao er al.®l But the ad-
vantages of the expression given by (45) lie in the fact that
it can be evaluated in terms of E field only.
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